Abstract: This paper obtains the numerical solutions of the elliptic solitons in a (1+2)-dimensional anisotropic nonlocal nonlinear fractional Schrödinger equation, and verifies their stabilities by the direct propagation method. The results show that the properties of such solitons relatively depend on the Lévy index. Such as the soliton shape varies with the change of Lévy index. When the Lévy index decreases, the ellipticity will increase, while the critical power will decrease. Furthermore, we demonstrate the physical features exhibited by the higher order elliptic solitons for a different Lévy index.
Introduction
Fractional calculus is a useful tool in mathematics, physics and engineering [1] - [5] for that it can describes many complex phenomena. Several examples of applications can be found in wide areas, such as in quantum physics [1] , [2] , diffusion-reaction processes [3] , anomalous transport [4] , electromagnetics [5] , and electrochemistry [6] , etc.
In optics area, the fractional concept includes fractional time, fractional space-dimension and fractional diffraction effect. W. Islam has obtained the solitons in time fractional nonlinear Schrödinger equation with competing weakly nonlocal nonlinearity [7] . In space-dimension fractional Schrödinger equations, the access soliton was first discovered by W. P. Zhong [8] , [9] .
About the fractional diffraction effect, some scholars have proved that it can been realized and has practical significance [10] , [11] . For example, S. Longhi suggested an optical implementation to realize the fractional diffraction effect by using the transverse laser dynamics in aspherical optical resonators, [10] . Y. Q. Zhang predicted the honeycomb lattice as a possible realization of the fractional Schrödingere equation (for conveniently, here and the remainder of this article, fractional means the fractional diffraction effect) by utilization of the Dirac-Weyl equation [11] . In recent years, the propagation of various optical beams have been studied in the fractional Schrödingere equation [12] , [13] . Many numerical solving methods [14] , [15] have been found and a series of solitary waves solutions have been discovered [16] , [17] in fractional Schrödinger equation.
In addition, the nonlocal nonlinearity effect is considered as one of an important effect in nonlinear optics for that it has some unique interesting characteristics, such as supporting the propagation of multipole solitons [18] , and suppressing the collapse of (1+2)-dimensional soliton [19] , etc. Hence, various novel solitons, such as Hermite-Gaussian solution [20] , complicated structure soliton [21] , gap soliton [22] , spatiotemporal soliton cluster [23] , variable sinh-Gaussian soliton [24] , ring dark and antidark solitons [25] , etc, all can form in nonlocal nonlinear media.
Therefore we have combined the fractional diffraction effect and nonlocal effect in (1+1)-dimensional NNFSE and obtained the Hermite-Gaussian-like solitons [26] , which profiles have some differences from that of the Hermite-Gaussian solitons. However, the (1+2)-dimensional solitons have more characteristics, such as the elliptic soliton [27] , Laguerre-Gaussian soliton, vortex soliton [28] , spiraling elliptic soliton [29] and Ince-Gaussian soliton [30] , etc, all have more complex structures than the (1+1)-dimensional solitons. In addition, the (1+2)-dimensional solitons have more application value. For example, the elliptical optical beams is generalized and readily achieved in experiment, and the nonlocal media with anisotropic has been found in the available materials, such as lead glass [31] and nematic liquid crystal [32] , [33] .
Hence, this manuscript combines the fractional diffraction effect and anisotropic (1+2)-dimensional nonlocal effect for the first time in optics area, obtains the elliptic and higher-order elliptic solitons. The physical features, which exhibited by the elliptic solitons for different Lévy indexes, also been studied.
Theoretical Model
We consider the propagation of optical beam described by the system of (1+2)-dimensional NNFSE [10] - [13] , [34] - [37] 
Where φ is the optical field amplitude, x and y represent the transverse coordinates, z stands for the longitudinal coordinate, and α (1 < α ࣘ 2) is the Lévy index. We assume the response function R(x, y) as elliptic Gauss-shaped here [20] 
Where σ x and σ y are the characteristic lengths of the material response function in x-and ydirections, respectively. When σ x = σ y , there exist the anisotropic nonlocal nonlinearity.
The higher-order optical soliton (φ nm ) in the (1+2)-dimensional ordinary anisotropic NNFSE (α = 2) was proved to have an elliptic HG-shaped profile in the Cartesian coordinate system [18] , [20] . Therefore, we choose the elliptic HG-shaped function as the initial input condition to obtain the higher-order soliton for 1 < α ࣘ 2 in our numerical iterations.
where The statistical beam widths of the higher-order soliton in x-and y-directions can be defined as [21] , [29] a n = 2
And the input beam power can be obtained by
Numerical Results
In all of our numerical simulations, the beam width in y-direction (a m ) is invariant but that in x-direction (a n ), beam profiles and amplitudes will adjust automatically during the iteration procedures. Then the profiles of elliptic solitons for different Lévy indexes are obtained by using the iteration algorithm which was presented by Qi Guo [36] .
Zero-Order Elliptic Solitons
First, we consider the fundamental (n = 0, m = 0) mode solitons with different ellipticities in anisotropic NNFSE. Ref. [20] has analytically obtained that the forming condition of elliptic HG soliton in the ordinary anisotropic NNFSE is σ x /σ y = a 2 x0 /a 2 y0 , which also can be obtained by our iteration algorithm as shown in Fig. 1(a) and (c) . When the Lévy index decreases, after the iteration process, the numerical results show that the stable elliptic solitons still can be obtained, such as when α = 1.2, the propagation dynamics of elliptic solitons was shown in Fig. 1(b) and (d) . However, the beam width in x-direction varies with the change of Lévy index as seen in Table 1 .
The ellipticity can be defined as the ratio of the longer beam width to the shorter beam width. The calculation results show that, the ellipticity increases with the decrease of the Lévy index as seen in Fig. 2(a) . Fig. 2(b) show that, the critical power decreases as the Lévy index decreases. This phenomenon can be explained as follow. The soliton are the self-trapped state of optical beam when the linear diffraction is balanced by the nonlinear focusing. The decrease of Lévy index will weaken the diffraction effect. Hence, the critical power accounting for the nonlinearity will also should be decreased to form soliton.
By comparing the input and output beam profiles, we can test the stability of the soliton. By using the iterative soliton solutions as the input condition, Fig. 3 shows that the all the elliptic solitons can propagate at least 30 Rayleigh distances with the invariant profiles in NNFSE. The comparisons of normalized soliton profiles in Fig. 4 show that the difference of the soliton shapes for different Lévy indexes in x-directions is larger than that in y-directions, since a y0 is invariant during the iteration procedures in this paper.
Higher Order Elliptic Solitons
This section will discuss the propagations of higher-order elliptic optical beams in anisotropic NNFSE with nonlocality σ x = 9.6, σ y = 15 and σ x = 14.4, σ y = 10, respectively. Similarly, keeping the beam width in y-direction a m constant, with the iteration algorithm, we obtain that both the (1 0)-and (1 1)-order elliptic solitons can form in anisotropic NNFSE for different Lévy indexes as shown in Figs. 5 and 8, respectively. In addition, the numerical results show that the critical power also decreases with the decrease of Lévy index. Fig. 6 shows that the input beam profiles accord with the output beam profiles very well, which means that the propagations of (1 0)-order elliptic solitons are stable in anisotropic NNFSE with different Lévy indexes. 5 . Propagations of (1 0)-order elliptic solitons in the anisotropic NNFSE. The parameters are chosen as σ x = 9.6, σ y = 15, a m = a y0 = 1, (a) α = 2, a x0 = 0.8, a n = 1.39, P 0 = 52659, (b) α = 1.6, a n = 1.38, P 0 = 33694, (c) α = 1.2, a n = 1.37, P 0 = 20334. By comparing the soliton profiles for different Lévy indexes, such as α = 2 and 1.2 as shown in Fig. 7 , we can find that the soliton shapes have slightly difference.
Summary
This paper numerically discusses the propagations of elliptic optical beams in (1+2)-dimensional anisotropic NNFSE. The stable elliptic and higher-order elliptic solitons are predicted and theirs stabilities are tested by the direct propagation method. By keeping the beam width in y-direction (a m ) invariant, a unique feature we revealed is that the ellipticity increases, while the critical power decreases with the decrease the Lévy index. In addition, the soliton profiles are different for different Lévy indexes. In conclusion, we believe that this paper maybe further broaden our vision on the propagation properties of solitons in anisotropic NNFSE.
